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I. INTRODUCTION 
We say that an entire function I;(z) has a factorization with left factor f(z) 
and right factor g(z) if 
F(n) = f(&h (1) 
where f(z), g(z) are non-linear entire functions. 
In what follows F(z) denotes a transcendental entire function. \Ve say that 
F(z) is prime if it has no factorization, i.e. if (1) implies that f(z) or g(z) is linear. 
Further, we say that F(z) is pseudo-prime if (I) implies that j(z) or g(z) is a 
polynomial. 
Recently Urabe-Yang [3] proved the primeness of F’“‘(s) (~2 = 0, 1, 2,...), 
where 
Ftz) r j' (ez ~ 1) & dz. 
” 
The main purpose of this paper is to prove the primeness ofF(“)(a) (?I == 0, 1, 
2,...), where 
F;(z) : [’ (ez - 1) e;‘:d,-, (h 2: 3: an integer). 
‘0 
2. LEh1hl.U 
For our purpose we shall prepare several lemmas. 
LEMMA A (cf. [2; pp. 117-1181). Let Uj(Z) h e entire functions of order at 
most p, g&) also entire functions and gj(z) - gB(z) (j # k) transcendental entire 
functions OY polynomials of degree higher than p. Then the identit>r 
hotds on<17 when u,,(z) = q(z) = ... - a,(z) rz 0. 
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LEMMA B (Goldstein [I]). Let F(z) b e an entire function of finite order sllch 
that S(a,F) = 1 f or some a # cc or S(0, F’) = 1. Then F(z) is pseudo-prime. 
LEMMA 1. Let P(x) be a potynomial of degree k (k 3 3), H,(z) and H,(z) 
two entire functions which are not identically zero of order less than one and {aj}TCl 
zeros of HI(z)@ + Hz(z) other than 0. Suppose that all aj are simple except for at 
most a jnite number of them and there are positke numbets k’ and AT0 such that 
for all 1 2 N, 
2 l! / aj(aj - a,)1 -< K. (2.1) 
Ml 
Then there is no entire function f  (z) satisfying the following functional equation 
f(z) f  ‘(2) = {H,(z) ez + H,(z)} ezp(*). (2.2) 
Proof. Suppose, on the contrary, that there is an entire function f  (x) satisfying 
(2.2). Put P(z) = p(z) + q(z), where 
p(z) = olkZk’ + . *. + a2.z2 and q(z) = a12 + %I, (ak + 0). 
Since all zeros off(z) are zeros of H,(z) eZ + Hz(z), we deduce from (2.2) that 
f(z) = h(z) epcz), 
where h(z) is a suitable entire function of order at most one. Then the functional 
equation (2.2) reduces to 
h(z){h’(x) + p’(z) h(z)} = {H,(x) ez + H,(z)) e2Q@). (2.3) 
If h(z) has only a finite number of zeros, then we have h(z) = Q(x) eaz, where 
Q(Z) is a polynomial and (Y is a constant. The equation (2.3) implies that 
Q(.4{Q’(x) + aQ(z) + P’(Z) Q(4) ezaz = (H,(z) ez + f&(z)) e’*(‘), 
which is untenable, because the function on the left hand side has only a finite 
number of zeros and the function on the right hand side has an infinite number 
of zeros. Hence we have 
h(x) = czaeaZ fi (1 - z/bJ eZib;, 
j=l 
(2.4) 
where a is an integer, c and 01 are constants and {bj},“_l are zeros of h(z) other 
than 0. 
Suppose that the set {cr} of zeros of h’(z) + p’(z) k(a) is an infinite set. Since 
{b,), {cl} are simple zeros ,of H,(z) ez + H,( x except for at most a finite number ) 
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of them, we have h(c,) + 0 for all 1 > IV1 (>NJ. Hence each c1 (1 .> E,) 
satisfies 
h’(c,) 
(2.5) 
On the other hand, it follows from (2.4) that 
and from (2.1) that for all I > IZr, 
I h’(c,)!k)l d K* I cl I 
with a suitable constant K*. Also we have 
for large cr with a small positive number E. Since k - 1 2 2, large c1 do not 
satisfy (2.9, which is a contradiction. Hence (~3 is a finite set. 
Put 
h’(z) + p’(z) h(z) = L(z) eBz, L(2) -f 0, V-6) 
where L(z) is a polynomial and /3 is a constant. Then by (2.3) we have 
h(2) = {H,(z) ez + H,(z)} e2q(z)-6z/L(2). 
Hence it follows from (2.6) that 
{HAL - H,(z)L’(z) + (p’(2) + 2$(z) - /3 + l)H,(z)L(z)}eZ - L(z)3e28z-2Q(z) 
= --(H;(z)~ - ff,(+w + (~‘(4 + 2+) - B)ff2(4wj. 
We apply Lemma A to this identity. I f  2152 - 2q(z) = yz - 2% and y  f  0, 1, 
then L(z) s 0, which is a contradiction. If  2/k - 2q(z) = z - 2ao, then we 
have 
H;(z)L(z) - H2(Z)L’(Z) + (p’(2) + 2$(z) - B) H&)L(z) s 0 
and consequentl! 
with a non-zero constant A, which contradicts the assumption that H,(a) is of 
order less than one. If  2/3z - 2q(z) = -201,) then we have 
WG W) - ffl(Z) L’(z) + (P’(4 + W(z) - B + 1) fw4 a4 = 0 
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and consequently H,(z) = BL(x) e- p(z)-(a+l)r with a non-zero constant B, which 
is also a contradiction. 
Thus the proof of our Lemma 1 is complete. 
3. THEOREMS 
Now we shall prove 
THEOREM 1. Let P(z) be a polynomial of degree k (k 2 3), H,(z) and I&(x) 
two entire functions which are not identically zero of order less than one. Put 
F(z) = lz {H,(z) ez + H,(z)} e’(‘) dx. 
Suppose that k is odd OY P(z) = CL~I (CQ f  0) when k is even, that all but a 
jnite number of zeros of H,(z) ez + H2( z are simple and that there are positive ) 
numbers k’ and N, such that for all 1 > N,, 
where {u,}~~=, are zeros of H,(z) ez + H,(z) other than 0. Then F(“)(z) is prime 
for n = 0, 1, 2 ,... . 
Proof. Since we prepared Lemma 1, we can prove this theorem along the 
same lines as Urabe-Yang [3]. First we shall prove that F(z) is prime. Since we 
have 6(0,F’) = 1, Lemma B implies that F(z) is pseudo-prime. 
LetJT-4 = Q(&)), where Q( ) . z 1s a o P 1~ nomial of degree m (m > 2). Then 
PF = Ps = PF’ = k, where pI is the order of the function f, and 
F’(z) = {H,(z) ez + HJz)} epcx) = Q’(g(z)) g’(z). (3.2) 
Suppose that m > 3. Then degQ’(z) = m - 1 > 2. If  Q’(z) has two distinct 
zeros zr , z2 , then from (3.2) we have 
My, 0, F’) b W, 0, Q’(g)) > W, 21, g) + N(y, .zz , g) 
and consequently 
PN(r.0.F’) 2 maXbNb.z,.g) I PN(r.z,.~)~’ 
It follows from (3.2) that p N r,O,F’) ( = 1 and from the Picard-Bore1 theorem that 
maxh ( T,EI,S) , pN(r,zp,g)} = pg = k > 3, which is a contradiction. If  Q’(z) has only 
one zero, then we may write Q’(z) = A(z - ,z~)*-~ and g(z) = so + L(z)eM(Z), 
where -4 (#0) and z, are two constants and L(z) and Al(z) are two polynomials 
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with deg M(Z) = k, since H,(Z) eZ + EZs(z) h as only simple zeros except for at 
most a finite number of them. Then (3.2) yields 
W,(x) e” + Hz(+) e p(z) = -4L(z)m-1{L’(z) + L(z) M’(z)} emnft2), 
which is a contradiction, because the function on the left hand side has an infinite 
number of zeros and the function on the right hand side has only a finite number 
of zeros. Next suppose that m = 2. Then degQ’(z) = 1. Let Q’(Z) = AZ + B. 
Then (3.2) implies 
VW4 ez + 4W eptzl = @g(z) + B}g’(z). 
Puttingf(z) = A’/“g(z) + B/A1/2, we have 
f(.z)f’(x) = (H,(z) ez + H&z)} ep@), 
which is untenable from Lemma 1. Therefore the left factor of F(z) must be 
linear. 
Next let F(z) = f@(e)), where Q(Z) is a polynomial of degree m (m > 2). 
Then we have 
F’(z) = {H,(z) ez + Hz(z)} ePtz) = f’(Q(z)) Q’(z) (3.3) 
and consequently 
N(r, 0, H; A) = N(r, O,j’(Q); A) + O(log P) (I. - co), 
where H(z) = H,(z) eZ + H,(x) and K(r, O,f, A) denotes the counting function 
of the number of zeros of the functionf in the region A. Hence we have 
Put 
fNb.O,H;d) = fNb.O.f’(Q);d) . (3.4) 
d = {z; 0 < arg .a < (r/2) - S} u (a; (w/2) + 6 < arg z < (3~r/2) - 6) 
u {z; (3~/2) + 6 < arg z < 257) 
with a small positive constant 6. Since all zeros of H(z) which are not zeros of 
H,(z) are not contained in A except for at most a finite number of them, me 
have ~~~~~~~~~~~~ < 1. If  Q(z) is a polynomial of degree m (m 3 3) then we have 
fN(r,o.f’(Q):d) = fNb.O.f’(Q)) = 1, which contradicts P,,,(~,~,~;~) < 1 because of 
(3.4). I f  degQ(z) = m = 2, we may write Q(a) = A(a - zo)2 + B. Putting 
w = z - zo, we have from (3.3) that F’(w + zo) = --F’(-w + zo). Hence it 
follows from (3.3) that 
{Hl(~j + zo) ewtzo + H2(w + zo)) eP(w~tz’J-P(-wcz~) 
= -{H,(-u + x0) ePtzo + H&-w + zo)}. 
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Our assumption implies that P(w + x0) - P(-,LI f  z,,) is a polynomial of 
degree not less than k - 1 (32) or vanishes identically. Hence we deduce 
from Lemma A that H,(Z) E 0, which contradicts our assumption. Therefore 
the right factor of F(z) must be linear. 
Thus the proof of the primeness of F(z) is complete. 
Since H,(Z) and H,(Z) are entire functions which are not identically zero of 
order less than one, all F’“)(z) (n = 1,2,...) are of the form {H,*(Z) eZ + 
H;(z)} epcz), where H:(Z) and Hz(x) are entire functions which are not identically 
zero of order less than one. Hence the primeness of F’(z) (n = 1, 2,...) 
follows from 
THEOREM 2. Let P(z) be a polynomiul of degree k (k > 3) and H,(z) and 
H,(Z) two entire functions which are not identical& zero of order less than one. 
Suppose that k ,is odd OY P(z) = c+&’ (0~~ f  0) when k is eaen. Then 
is prime. 
F(z) = {H,(z) e” + f&(z)} epf2) 
Proof. By Lemma B, F(z) is pseudo-prime. Let F(z) = Q(g(z)), that is, 
F(z) = {H,(z) e” + ff&)} ep(z) = Q(g(z)), (3.5) 
where Q(Z) is a polynomial. Since H,(Z) eZ + H*(Z) has an infinite number of 
simple zeros, from (3.5) and the reasoning in the proof of Theorem 1 we deduce 
that Q(Z) is linear. 
Let F(z) = f(Q(z)), that is, 
F(z) = W&) e* + f&(41 ep(‘) = f (Q(4), 
where Q(Z) is a polynomial. I f  degQ(2) 3 3, then comparing the distribution 
of zeros of H,(Z) eZ + H,(Z) with that off (Q(z)), we have the same contradiction 
as in the proof of Theorem 1. If  Q(Z) = A(2 - xJ2 + B, then we have 
F(zo + zO) = F(-w + x0) with w = z - z,, , which is a contradiction because 
of the reasoning in the proof of Theorem 1. Hence Q(Z) must be linear. 
Thus the proof of Theorem 2 is complete. 
Remark 1. Theorem 1 and Theorem 2 are not always true when P(z) is an 
arbitrary polynomial of even degree higher than one. In fact, let P(z) = 
9 - (z/2), 
and 
h(4 = 28 fi (1 + pm ; 1)2T2 ), 
I,8 =o 
409/66/l-r3 
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where n is a positive integer. Then we have the following factorizations 
and (8 + I) e’(‘) = f&z”). 
Because we have that 
x2 ez - 1 = zei12 fi ( 1 + ~ 
m=l (2mn)” ) 
and 
Remark 2. Theorem 1 and Theorem 2 do not hold in the case when k = 2. 
In fact, for any a # 0, put 
and 
.f2(z) = 2e-(2!40)-(o~4) fi ( 1 + (2m J l)anY). 
m =o 
Then from (3.6) and (3.7) we have the following factorizations 
and 
I 
-’ (e-aei - 1) e-i2,‘4” dz = fl(@ - a)“) 
-n 
(ecaez + 1) e-z*/4a = f2((z - a)2). 
However it follows from [3] that Jf (ei - 1) ez2 dz and (eZ - 1) ez’ are prime. 
4. .\PPLICATION 
As an application of Theorem 1 we shall give some prime entire functions. 
THEOREM 3. Let P(z) be a polynomial satisfying the conditions of Theorem 1 
and PI(z) and Pz(z) two poljjnomials which are not identically zero such that 
azpP,(z) + P2(z) ES 0 (4.1) 
holds with a non-zero constant a and an integer CL. Then F(*)(z) is prime for n = 
0, l,..., where 
F(z) = 1” {PI(z) ez + P&s)] epCz) dz. 
-0 
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Proof. It is clear that PI(z) and Pz(x) satisfy all conditions for H,(z) and 
H,(z) in Theorem 1 with the exception of (3.1). Hence Theorem 3 follows from 
Theorem 1 if we show that zeros {uj} of PI(z) er + P&x) satisfy (3.1). We may 
suppose, without loss of generality, that {aj}TXl satisfy j aj 1 > R, with a large 
number R, and so (uj} are simple zeros of PI(z) ez + P*(z) and Pl(uj) f 0, 
P2(uj) # 0. From (4.1) each aj satisfies 
ec(J = aaju. (4.2) 
Put aj = rjeieJ and R = / a 1 ei”, where 0 < 8j < 277, 0 < OL < 27~. Then (4.2) 
yields 
rj cos ej = log 1 a / + p log Yj ) 
rj sin 19~ = a + pej + 2i7nj , 
(4.3) 
where nj is an integer. Put A, = {Qj ; Im aj > 0}, A, = {uj ; Im aj < 0}, 
2, = {nj ; nj > 0} and 2, = (nj ; nj < O}. 
Firstly we shall prove the existence of a one-to-one correspondence between 
{aj} and {nj} by showing that there is a one-to-one correspondence between -qj 
and zj (j = 1, 2). 
Now we shall show the existence of a one-to-one correspondence between 
A, and 2, . It follows from (4.3) that cos ~9, --f 0, that is, 8, ---f n/2 or Bj ---f 3~r/2 
as yj + co. Put 0, = (7r/2) - /c?~ for uj E A, . Then we may assume that 1 pj 1 < E 
with a small positive number E. (4.3) implies 
Yi sin pi = log ) U 1 + p log Ij , 
Yj COS pj = (Y + /b(?T/2 - flj) + 27iTlj . 
(4.4) 
Suppose that 7tj = n, and yj > y1 . If & = p1 , then (4.4) yields Yj = rl , 
which is a contradiction. Hence fij + fir . It follows from (4.4) and the theorem 
of the mean that there are two positive numbers s1 and t, such that y1 < sr < yi , 
I[ < t, <Yj, 
2 cos(flj -6 /3,)/2 sin(pj - /3,)i2 = sin pJ - sin PI 
= (log I a I + p log yj) yj - (log I a I + p log ~J/rl 
= (y; - yl) 1 -*Ty; u I + A1 ;;og 4 1 
and 
~ _ ~ = ~ arc sin ( log I a I + ~ log ‘j ) 
li Yl yj yj 
1 --arcsin l"g'ul +plogy'-) 
YI ( Yl 
= (yj - yl) s(tl)jtl v 
(4.5) 
(4.6) 
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where 
S(t,) = -L i 41 --ogh)--%l~l . 
t, it,{1 - (log I a j + log tJa/t,“}‘la - arc sm t 
log I a I + ~log4 i 
t1 )\ 
(4.4) and (4.6) imply that 
-2. sin(pj + p,)/2 sin(/Jj - /3,)/2 = cos p, - cos /3( 
= (1 + /L(77:2 - pj) + 2anj}l’YI - {a f  /l(rr:2 - Bl) + 2rrnj)/r, 
Combining this with (4.5) we have 
II: + (/&n/2) + 27VZj 
Yjrl 
Pm --t,+ sin@, + /I,)12 
cos(& + Pl)/2 ( 
-log 1 a 1 + t-41 - logs,) 
rirl 
)- s12 
Since 
Czd + (PT/2) + 2nnj = yj COS fij + &j 3 rj(l - pj”/2) + FLp, , 
we obtain that 
1 sG Pi' , rz 41 - logs,) CLpi 
2 r; 
>ptLSctlJ + WBj + A)/2 i --log / f2 I 
tr co@ + /3,)!2 I ri Sl $1 I 
-0 as rz- co, 
which is untenable. Hence ni = n, implies that ri = yL and so by (4.4) a, = n, 
Therefore there is a one-to-one correspondence between A, and 2, . Similarly 
we have a one-to-one correspondence between -4, and Z, . 
It follows from (4.3) that if R,, is sufficiently large, then for 1 a1 ~ :. R,, , 
Ia,/ >&a 
I Uj I 3 * I nj I and I aj - uE / ;3 mj, (j # E), 
where njL is a positive integer. Since there is a one-to-one correspondence 
between {uj> and {nj}, each n, is distinct from the others ni and each njl is distinct 
from the others nil escept for at most one of them. Hence we have 
which shows that zeros {ai} of Pi(z) ez + P2(z) satisfy (3. I). 
Thus the proof of Theorem 3 is complete. 
As an immediate consequence of Theorem 3 we have 
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COROLLARY. Let k be an integer satisfying k > 3. Then Ffn)(z) is prime for 
n = 0, 1, 2 ,..., where 
F(z) = iz (ez - 1) ezr dz. 
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